We calculate the thermodynamic properties of a collection of N small Josephson junctions coupled to a single-mode resonant electromagnetic cavity, at finite temperature T , using several approaches. In the first approach, we include all the quantum-mechanical levels of the junction, but treat the junction-cavity interaction using a mean-field approximation developed previously for T = 0. In the other approaches, the junctions are treated including only the two lowest energy levels per junction, but with two different Hamiltonians. The first of these maps onto the Dicke model of quantum optics. The second is a modified Dicke model which contains an additional XY-like coupling between the junctions. The modified Dicke model can be treated using a meanfield theory, which in the limit of zero XY coupling gives the solution of the Dicke model in the thermodynamic limit using Glauber coherent states to represent the cavity. In all cases, for an N -independent junction-cavity coupling, there is a critical junction number N above which there is a continuous transition from incoherence to coherence with decreasing T . If the coupling scales with N so as to give a well-behaved thermodynamic limit, there is a critical minimum coupling strength for the onset of coherence. In all three models, the cavity photon occupation numbers have a non-Bose distribution when the system is coherent.
I. INTRODUCTION
When a two-dimensional array of Josephson junctions is driven by an applied current, it can radiate coherently. Experiments showing this behavior have emphasized current-driven arrays of overdamped Josephson junctions [1, 2] . The radiated coherent power from such arrays has been predicted to be proportional to the square of the number N of Josephson junctions in the array [3] . More recently, coherent emission from underdamped one-dimensional
Josephson arrays coupled to a single-mode electromagnetic cavity has been experimentally studied [4, 5, 6, 7] . In this work, it was shown that no coherent radiation is emitted below a threshold number N c of junctions, but above this threshold the array can radiate coherently, with emitted power again proportional to N 2 . Such behavior had already been predicted much earlier, on the basis of an analogy between a one-dimensional voltage biased series array and a collection of two-level atoms coupled to an electromagnetic cavity [8] ; the analogy suggests that this radiation is the Josephson analog of the population inversion that leads to coherent emission in a laser.
A simple model Hamiltonian to describe this coherent radiation, taking into account the quantum-mechanical nature of both the junctions and the cavity, was suggested recently [9] .
In this paper, the ground state of the model Hamiltonian is obtained within a mean-field theory (MFT). In agreement with experiment, the MFT predicts that there is a critical threshold number N c of junctions for the onset of coherence at fixed coupling strength.
The mechanism for coherent radiation from a Josephson junction array resembles that of superradiance in a system of N two-level atoms coupled to a electromagnetic field [10] . The latter system can be treated the Dicke model [11] , which describes the system of identical two-level atoms in a single-mode radiation field. Emission and absorption within the Dicke model have been extensively studied [12, 13] . The predicted response of this two-level atom/radiation system agrees qualitatively with that of an array of Josephson junctions [14, 15] . It has also been shown [15] , that a modified Dicke Hamiltonian, which contains an additional term resembling a dipole-dipole interaction between the junctions, is a better approximation to the cavity-junction system than is the original Dicke model.
In contrast to the Josephson/cavity system, the Dicke model can be solved in the thermodynamic limit, i.e. N → ∞, volume V → ∞, and N/V → const [16, 17, 18] . The solution yields a continuous transition from a normal to a superradiant state at a critical coupling strength, for fixed temperature T = 0.
In this paper, we extend the model [9] to finite T . We find, again within MFT, that there is a critical threshold number N c (T ) for coherence at a sufficiently low T . If T is increased at fixed N > N c (0), there is a continuous transition from coherence to incoherence at an N-dependent temperature T c (N). To test the MFT, we compare its predictions with those of the Dicke model [17, 18] and of the modified Dicke model [15] . Our Hamiltonian does not map exactly onto these models, because the individual Josephson junctions have more than two quantum levels, whereas the Dicke and modified Dicke models assume two-level systems interacting with a single-mode cavity. Nonetheless, when the parameters of our model systems are such that the lowest two levels of the junction are well-separated from the higher levels, the MFT agrees well with the two-level model predictions. We also show that, when applied to the Dicke model, the MFT is equivalent to a coherent state expansion, an approach known to give the solution of the Dicke model at large N.
The remainder of this paper is organized as follows. In Section II, we describe the MFT for N Josephson junctions interacting with a cavity at finite T . In Section III, we review the coherent state treatment of the Dicke model, present a MFT for both the Dicke model and the modified Dicke model, and show that, when applied to the Dicke model, the MFT is equivalent to the coherent state approach. In Section IV, we give numerical results for all three models. In Section V, we show how the Josephson-cavity model of Section II can be mapped onto the Dicke model when the Josephson coupling is small compared to the charging energy; we also discuss how the parameters of all three models must scale in the thermodynamic limit. Section VI presents a concluding discussion.
II. MANY JOSEPHSON JUNCTIONS INTERACTING WITH A SINGLE-MODE CAVITY

A. Model Hamiltonian
An array of N underdamped voltage-biased Josephson junctions in a lossless electromagnetic cavity having a single electromagnetic mode of frequency ω may be described by the following idealized model Hamiltonian:
Here
is the photon Hamiltonian, a † and a being the photon creation and annihilation operators for photons having angular frequency ω, which satisfy the usual commutation relations.
[a,
The Hamiltonian of the j th Josephson junction can be expressed as
Here U = 4e 2 /C is the capacitive energy of the junction, e is the electronic charge, C is the junction capacitance. n j is an operator representing the difference in the number of Cooper pairs on the two superconducting islands forming the junction,n j is related to the gate voltage across the j th junction, J = I c /(2e) is the Josephson coupling energy of the junction, I c is the junction critical current, and finally γ j is the gauge-invariant phase difference across the junction.
Explicitly, γ j may be written
where φ j is the phase difference across the junction in a particular gauge, and A is the vector potential due to the cavity mode (given explicitly below) in the same gauge, Φ 0 = hc/(2e) is the flux quantum, and the line integration is carried out across the junction. The operators n j and φ j are canonically conjugate and satisfy the commutation relation [n k , φ l ] = iδ kl , which is satisfied if we use the representation n k = i
In the Coulomb gauge, ∇ · A = 0, A can be expressed as
where V is the cavity volume, and E(x) is proportional to the local electric field of the cavity mode, normalized so that V |E(x)| 2 d 3 x = 1. Introducing a coupling parameter
and
Evidently, the first term depends only on the photon variables, the second is a sum of single-junction terms, and the third is simply a c-number.
We now introduce the variable λ j = sin φ j = λ, since λ j is independent of j. In terms of λ, we may rewrite the photon term (11) as
This is simply the Hamiltonian of a displaced harmonic oscillator. Its eigenvalues E n and normalized eigenfunctions ψ n (x) are just E n = ω(n +
Here H n is a Hermite polyno- Mathieu equation [20] :
where 
where the last identity holds for identical junctions.
We now determine the properties of the junction-cavity system within MFT. At T = 0, the system is in its ground state, and the approximate ground state properties can be obtained analytically as shown in Ref. [9] . For −0.5 ≤n ≤ 0.5, the ground state energy is
where a(ν; q) is the eigenvalue of eq. (15) corresponding to characteristic exponent ν and parameter q. If we use the approximate analytical expression [9] a(ν = 2n; q)
we obtain
= 0, which leads to
Because the right hand side of this equation must be non-negative, the critical junction number N c (0) for a non-zero λ at T = 0 is
When N ≤ N c (0), λ = 0 corresponds to a minimum of the energy, but when N ≥ N c (0), λ = 0 is a local maximum; the energy minimum occurs at λ = 0.
More generally, the exact solution for N c (T = 0) can be calculated from eq. (17), supplemented by the condition
where
. The corresponding critical number is
For T = 0, because H m is the sum of several commuting terms, the total partition 
When the coherence order parameter λ = 0, the Helmholtz free energy, for fixed g, is quadratic in the number of the junctions N. This quadratic dependence is a hallmark of the coherent state.
The actual value of λ is obtained from the Helmholtz free energy, using the condition
We have obtained λ by solving eqs. (24) and (25) self-consistently. These equations may allow for several possible values of λ, of which we choose that value which gives the lowest
In all the above discussion, we have assumed implicitly that g is independent of N. The expected behavior when g depends on N is discussed below.
III. DICKE MODEL AND GENERALIZED DICKE MODEL A. Model Hamiltonians
In the previous section, we described a simple mean-field approximation for the statistical mechanics of the junction-cavity system. This approximation includes all the junction levels, but treats the junction-cavity interaction only approximately. We now describe an alternative approach, which retains only the two lowest energy levels of each junction. In this case, the Hamiltonian reduces to the well-known Dicke model of quantum optics. The
Dicke Hamiltonian [11] is a simple model describing the interaction of N two-level systems with a single harmonic oscillator mode. It can be written (omitting the cavity zero-point energy)
Here ǫ j > 0 is the energy level splitting of the j th two-level system at the j th junction, and ξ j is a parameter characterizing the strength of the coupling between the harmonic oscillator and the j th two-level system. The quantities a † and a are raising and lowering operators, as above. The quantities σ j α are Pauli spin-1/2 spin operators and satisfy [σ
γ , where α, β, and γ are cyclic commutations of (x,y,z). In order for the thermodynamic limit to exist, we must assume that ξ j ∝ 1/ √ N for large N.
Besides the Dicke model, we also consider a modified Dicke model [15] , which is an extension of effective two-qubit model [21, 22, 23 ] to the case of N coupled two-level systems,
where the last sum runs over all distinct pairs jk (i. e., not including j = k). The last term in eq. (27) is an effective direct junction-junction interaction. As discussed in Ref. [15] , the Hamiltonian (27) generally gives levels in closer agreement with the Hamiltonian (1) than does the pure Dicke Hamiltonian (26), when there is more than one photon excited in the cavity. A simple derivation of this term is given in Ref. [15] .
In order for the thermodynamic limit to exist in the modified Dicke model, we require not only that ξ j ∝ 1/ √ N , and but also that Ω jk ∝ 1/(N − 1), as further explained below.
B. Statistical mechanics of Dicke model using Glauber coherent state expansion
The thermodynamics of the Hamiltonian (26) can be calculated in the limit N → ∞, using a product basis consisting of the Glauber coherent states |α for the photons and eigenstates of σ i z for the two-level systems [17, 18] . In this section, we briefly review this solution.
The states |α are eigenstates of the lowering operator, i. e.,
where the eigenvalue α is generally complex, since a is a non-Hermitian operator. The eigenfunctions satisfy the completeness relation (1/π)
the integral running over the entire complex α plane.
In terms of this basis, the partition function of the Dicke Hamiltonian takes the form
...
In order to evaluate the sums, following Refs. [17] and [18] , we expand the operator exp(−βH Dicke ) in a Taylor series, assume that a/ √ N and a † / √ N exist in the limit N → ∞, and finally, within individual terms of the Taylor expansion, interchange the order of the double limits as follows:
Each sum in eq. (30) can easily be evaluated, since it is just the trace of the operator exp(−βh j ), and the resulting partition function can be expressed as
where we have introduced r = |α| and written
To complete the evaluation of the free energy, we make the changes of variables
. Then Z Dicke takes the form
The last integral can be evaluated accurately using Laplace's method [24] . This method makes use of the fact that, if N ≫ 1, the integral should be dominated by values of y near the maximum of φ(y), which is determined by the condition
In our case, φ
where η j = 1 +
is maximum at y = 0. On the other hand, when
, the allowed solutions to eq. (36) depend on the value of β. When β is smaller than a critical value β c given by
then again φ(y) is maximum for y = 0. However, if β > β c , there is a non-zero solution y 0 for y determined by the equation
Therefore, we can discuss the statistical mechanics of this model in three different regimes:
and T ≥ T c ; and
and T ≤ T c , where T c is determined by eq. (38). In the regimes (i) and (ii), the free energy is given simply by
and the moments of the photon occupation number by
where the last result is obtained once again by using Laplace's method. On the other hand, in regime (iii),
where y 0 is determined by eq. (39).
Assuming that all junctions are identical, ǫ j → ǫ, ξ j → ξ, λ j → λ, the conditions for the critical junction number and the critical temperature become
Furthermore, the moments (a †
C. Statistical mechanics of modified Dicke model using a mean-field approximation Next, we consider the modified Dicke model, eq. (27) . The coherence transition can be obtained if we make the following mean-field approximation:
With the additional assumption that the ξ j 's are real, the Hamiltonian (27) separates into a sum of three terms as follows:
and we have used the relations σ 
we find that H M Dicke photon can be rewritten as 
Also, from the fact that p = p 0 and u = u 0 , we obtain a = −
is the Hamiltonian of a collection of non-interacting spin-1/2 particles in an applied effective magnetic field (which is not parallel to the z axis). The two eigenvalues of H
M Dicke Jj
are readily found to be
Finally, H
M Dicke c
is just a c-number whose expectation value is just E For N identical junctions, ǫ j → ǫ, ξ j → ξ, and Ω jk → Ω. Then, after some algebra, one finds that the ground state energy can be written in terms of a single expectation value
σ ⊥ is again determined by the requirement that E
M Dicke 0
( σ ⊥ ) be a minimum with respect to σ ⊥ , which leads to
, and
, which also includes constant contributions from photon and junction terms.
As at T = 0, the optimal value of σ ⊥ at finite T is obtained by minimizing F
M Dicke
with respect to σ ⊥ , which leads to the following relation for σ ⊥ :
where η = 1 +
. The critical temperature T
M Dicke c
for this modified Dicke model is again determined by the requirement that σ ⊥ 2 > 0, and is given by
When Ω = 0, eq. 
IV. NUMERICAL RESULTS
We have carried out several illustrative numerical calculations using the models and approximations of Sections II B and III. For the MFT of Section II B, these results are obtained by minimizing the mean-field Helmholtz free energy, eq. (24), with respect to λ at each T for fixed g andn. In all our calculations, we have taken ω = 0.15U, J = 0.2U, g = 0.1, and N = 110; other parameters are described below. It is convenient to introduce a dimensionless temperature t ≡ k B T U . Except for g, these are in the same ratios as in recent eperiments of Ref. [25] using the correspondence, ( ω, U/8, J) in our notation to ( ω r = 6.0GHz, E C ∼ 5.0GHz, and E J,max ∼ 8.0GHz) in the experiment. However, we have used a much larger value of g, in order to see the transition to a coherent state at a reasonable value of N. which λ = 0. For a sufficiently large N, λ → 1, signaling complete phase locking. Fig. 1 shows that both λ(t) and N c (t) decrease with increasing t, and thatn = 0.5 leads to a larger λ at fixed t than doesn = 0. Both features are intuitively reasonable, since atn = 0.5, the two lowest states of the junction have only a small gap, making it easier to couple the junction to the cavity. Fig. 2 shows λ(n, t) as a function ofn, which is related to the voltage across the Josephson array, at t = 0, 0.12, 0.14 and 0.16. Since λ(n, t) is a periodic function ofn with period unity, we plot only the range −0.5 ≤n ≤ 0.5. All the plots of Fig. 2 show that, for any choice of the other parameters, λ is maximum atn = 0.5. The plots also show that there exist values of N such that the array is coherent for some non-zero values ofn even if it is incoherent at n = 0. Finally, Fig. 2 shows, as expected and as is also shown in Fig. 1 , that the effect of increasing t at fixed N and g is to suppress λ.
The temperature dependence of λ(n, t) is plotted versus t in Fig. 3 for different values ofn. In all cases, there is a critical temperature t c above which λ = 0. Note also that, as t → t c from below, λ → 0 continuously. This behavior is a hallmark of a continuous phase transition. However, since there are only a finite number of junctions, the transition is not a true thermodynamic phase transition.
We have also calculated the average Cooper pair difference n j across the j th junction, within the mean-field approximation. Since all the junctions are assumed identical, n j is independent of j and may be denoted n . n is related to the voltage drop V across a junction by CV /2e = n , and can be calculated from the relation n = k=0,±1±2... e −βE(ν=2n+2k,q) n k k=0,±1,±2,... e −βE(ν=2n+2k,q) .
where n k , the expectation value of the operator n in state k, is
The last expression is obtained using the relations n = i
In Fig. 4 , we show this calculated n (n, t) versusn for several values of t. Note that, t ≫ t c , n ∼n.
Next, we discuss the temperature dependence of the photon probability distribution P (n, t) calculated in this mean-field approximation. P (n, t) is defined simply as the probability that the cavity contains exactly n photons at temperature t. Since there is no coherence for t > t c , P (n) is given simply by the usual Bose distribution with zero chemical potential:
[eq. (14)]
Using the solutions of H m photon ,
where Z m photon is the partition function corresponding to H m photon . Thus, we obtain,
where For these parameters, t c = 0.131. P (n) represents the probability that there are exactly n photons in the cavity mode.
For the consideration of only l = 0 term, the probability function P (n) corresponds to
where P 0 (n) has a maximum at n = |α| 2 . Fig. 5 shows this photon distribution at t ≡ k B T /U = 0, 0.12, 0.13, and 0.14 where t c = 0.131. From low t up to near t c , P (n, t) is substantial over a wide range of n, but for t ≥ t c , the population of the photon state with n = 0 rapidly increases.
Next, we compare the mean-field results of Section II (which includes all junction levels)
to the results of Section III for the Dicke model and the modified Dicke model. We consider specificallyn = 0.5; at this value ofn, the two-level approximation may be best, because the two lowest junction levels are separated by the largest gap from the higher levels. In order to compare the three models, we plot t c (N) in Fig. 6(a) , and the average photon number a † a (t) in Fig. 6(b) . For comparison purposes, we choose the Dicke parameter ξ = − 
On the other hand, in the coherent state, we have
For the other two models, a † a Dicke and a † a M Dicke are calculated from the conditions (46) and (63) with σ ⊥ 2 = (
In Fig. 6 , we plot t c (N) and the average photon number a † a (t), for the three models.
To This discrepancy probably occurs because the first two models include only two levels per junction, while the MFT of Section II treats a many-level system.
V. THERMODYNAMIC LIMIT
We now make more precise the connection between the Josephson-cavity model and the Dicke and modified Dicke models in the thermodynamic limit. We first consider the Dicke 
To map the Josephson-cavity model onto the Dicke model, we assume that the Josephson coupling parameter g ∝ 1/ √ N . As mentioned earlier, this assumption seems reasonable in the thermodynamic limit, since according to eq. (6), g ∝ 1/ √ V for fixed cavity shape.
Writing g =g/ √ N , we may express the Josephson coherence condition (23) as
We now show that this condition reduces to eq. (76) in the limit J ≪ U. The eigenvalue derivative |a ′ (0)| can be obtained approximately in this limit by differentiating the right-hand side of eq. (18) with respect to q. Substituting back into eq. (77), we obtain
We can also compute the splitting between the ground and first excited states. If 0 <n < 1/2, and J ≪ U, it is easily shown that the splitting ∆E between the ground and first excited states of the Josephson junction is equal ∆E ∼ 1 2 [27] . Using the approximation, 1 − 2n ∼ 1 − 4n 2 , we can rewrite the coherence condition (78) as
This condition is identical to eq. (76), with the identification ǫ ↔ ∆E,ξ ↔ −g
. The
parameter Ω has primarily a quantitative effect on the coherence transition in this model.
As discussed earlier, in order for the modified Dicke model to be well-behaved in the thermodynamic limit, Ω must vary as 1/N. Therefore, we write Ω = 2Ω/(N − 1); we use N − 1 rather than N since each two-level system interacts with N − 1 others. Substituting this relation into eq. (60), and again using ξ =ξ/ √ N, we find that eq. (76) is replaced by
If the left-hand side is larger than ω, the system is coherent at T = 0 in the thermodynamic limit; otherwise, it is not. Thus, a positiveΩ actually inhibits coherence at T = 0 (not unexpectedly, since a positiveΩ represents a repulsive interaction).
Similarly, one can recalculate k B T
M Dicke c
[eq. (64) using the above N-dependence of ξ and Ω, with the result
Thus, for given values of ω, ǫ, andξ, the coherence transition temperature is reduced by a finiteΩ, showing that this form of direct interaction between junctions inhibits coherence in the modified Dicke model.
VI. DISCUSSION
In this paper, we have calculated the equilibrium properties of an array of identical
Josephson junctions coupled to a single-mode electromagnetic cavity at temperature T , by generalizing a T = 0 MFT [9] . Within the MFT, this system shows a continuous transition between coherence and incoherence at a critical temperature T c , provided that the number of junctions N > N c . We have also compared our mean-field results to the solutions of the Dicke and modified Dicke models. When the parameters of the Dicke model are adjusted to match those of the Josephson-cavity system, the two approaches agree qualitatively.
Next, we briefly discuss the expected accuracy of our mean-field approach, used in Sections II and III. The MFT appears reasonable, because for both models, all the junctions (or all the two-level systems) interact with the same harmonic mode and hence, in effect, with all the other junctions or two-level systems. Since each junction or two-level system effectively has many "neighbors", there are only small fluctuations in the environment of each about its mean, provided that N is sufficiently large. Thus, the mean-field approach should work well at large N. In support of this picture, we have shown that, when the mean-field approach is applied to the Dicke model, it produces the exact result (obtained from a coherent state expansion).
Besides the mean-field approximation in Section II, we have expanded the Josephson coupling in powers of the interaction parameter g(a + a † ). The value of this quantity can be estimated as follows. g(a + a † ) ∼ g a + a † = 2Jg 2 Nλ/( ω) = 2Jg 2 λ/( ω) if we assume g =g/ √ N. Since λ ≪ 1 is small near T c , this approximation is accurate in this regime, but may break down deep in the coherent regime. Therefore, a more accurate approach than that used in Section II, may be desirable in order to treat the entire regime 0 < t < t c .
We briefly comment on the nature of the coherence transition emerging from our meanfield approach. This approach produces a continuous transition, i.e., the coherence order parameter λ varies continuously with t. By contrast, another recent calculation [28] finds a first-order transition, in which there is a discontinuous jump in the order parameter at the superradiant transition. Their Hamiltonian also has the form of a generalized Dicke model, but slightly different from ours:
where σ j + , σ j i , and σ j z are the usual Pauli spin operators for the j th two-level system. Our mean-field treatment of our own generalized Dicke model does not give a first-order transition. We speculate that the difference is due to a real distinction between the two models:
H lee has only nearest-neighbor interactions between spins, in addition to the usual Dicke-type model, whereas our modified Dicke Hamiltonian has an additional term which is long-range.
Perhaps the long-range nature of this additional term helps to maintain the continuous nature of the coherence transition, as well as the accuracy of MFT.
Finally, we discuss how our model could be generalized in order to make it more a more realistic basis for treating Josephson arrays in a cavity. For real systems, there are other factors affecting Josephson junctions besides those included here. For example, there are effects due to dissipation, either due to the finite Q of the cavity, or a finite dissipation within individual junctions. Both effects can be treated by considering the Josephson junctions as coupled to appropriate baths of harmonic oscillators [29, 30] . When these dissipative degrees of freedom are properly included, the nature of the coherence transition may be changed. We plan to include some of these effects, as well as the effects of disorder, in a future publication.
VII. ACKNOWLEDGMENTS.
This work was supported by the National Science Foundation through Grant DMR04-13395.
[1] A.K. Jain, K. K. Likharev, J. E. Lukens and J. E. Sauvageau, Phys. Rep. 109, 309 (1984).
[2] S.P. Benz and C.J. Burroughs, Appl. Phys. Lett. 58, 2162 (1991).
